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I. INTRODUCTION
Kohn-Sham density functional theory ͑DFT͒ is widely used for electronic structure calculations. 1 The accuracy of a DFT calculation is governed by the quality of the exchangecorrelation energy functional, and so, the continued development of improved approximations to this quantity is essential.
One approach for developing new functionals is to choose a flexible mathematical form and determine optimal parameters by fitting to molecular thermochemical quantities, such as total energies and atomization energies. This semi-empirical route has been widely used for both continuum functionals ͑where there is a well-defined exchangecorrelation potential and no integer discontinuity͒ such as the generalized gradient approximation ͑GGA͒ and for hybrid functionals ͑which are the sum of a continuum functional and a fraction of exact orbital exchange͒. Examples of functionals determined by fitting to thermochemical data include the 1988 exchange GGA functional of Becke 2 and the B3LYP, 3 B97, 4 and B97-1 5 hybrid functionals. Thermochemical fits have also been used to determine optimal parameters in more advanced functional forms. 6 A deficiency of thermochemical fits is that they do not explicitly constrain the Kohn-Sham orbitals and eigenvalues to be accurate. To achieve this, the exchange-correlation contribution to the Kohn-Sham equations must be accurate. Consider a general functional, expressed as the sum of a continuum functional E XC ͓ ␣ , ␤ ͔ and a fraction of exact orbital exchange
where the label in the continuum contribution indicates an implicit dependence on the fraction of orbital exchange, which in turn is expressed in terms of the Kohn-Sham -spin one-densities
This functional represents a conventional continuum functional such as a GGA when ϭ0, and a typical hybrid functional when Ϸ0.2. The Kohn-Sham equations associated with this functional can be derived by minimizing the electronic energy with respect to the Kohn-Sham orbitals. The continuum contribution E XC ͓ ␣ , ␤ ͔ in Eq. ͑1͒ is an explicit functional of the electron density and so its contribution to the Kohn-Sham equations is the multiplicative scalar potential
͑3͒
By contrast, the exact exchange term is a functional of the Kohn-Sham orbitals, rather than the density, and so its contribution to the Kohn-Sham equations is non-multiplicative, involving the electron interchange operator P rr Ј and the onedensity ͑as in Hartree-Fock theory͒. The Kohn-Sham equations are written
where h(r) is the sum of the kinetic energy operator and the external potential and v J (r) is the Coulomb ͑Hartree͒ potential.
We note that the Kohn-Sham equations ͑4͒ could be formulated in an alternative, more theoretically appealing manner, in terms of a purely multiplicative exchangecorrelation potential. This can be achieved using the optimized effective potential ͑OEP͒ approach, 7 which minimizes the energy with respect to the potential. An alternative route is to solve the non-multiplicative equations ͑4͒ for the electron density, and then use the constrained search formulation to determine the multiplicative potential associated with that density. We have demonstrated that this latter method, denoted MKS for ''Multiplicative Kohn-Sham'' is particularly attractive for the calculation of NMR shielding constants. 8 However, the OEP and MKS methods are not widely used at present and so, unless otherwise stated, we use the conventional definition of the Kohn-Sham equations ͑4͒ for the present study. Within this formalism, the quality of the Kohn-Sham orbitals and eigenvalues is completely governed by the quality of the multiplicative potential v XC, (r) for any .
For GGA functionals, ϭ0 and v XC, (r) is the conventional multiplicative exchange-correlation potential. For a GGA to give accurate orbitals and eigenvalues it must therefore provide an accurate representation of the exchangecorrelation potential; we have previously attempted to achieve this by explicitly introducing potential information into our fitting procedures. Using the method of Zhao, Morrison, and Parr ͑ZMP͒, 9 exchange-correlation potentials have been determined from correlated ab initio electron densities for a series of atoms and molecules. The parameters of flexible functional forms have then been optimized such that they yield accurate thermochemistry for the series of molecules, together with exchange-correlation potentials that are maximally parallel to the ZMP potentials. The series of HCTH functionals HCTH/93, 5 HCTH/147, 10 and HCTH/407 11 were determined in this manner and have been successfully applied to molecules resembling those in the fitting data. They can be less successful when applied to systems that differ considerably from those in the fitting data, such as bulk semiconductors involving relatively heavy atoms. 12 For a hybrid functional ( 0) to give accurate orbitals and eigenvalues, it, too, must provide an accurate representation of v XC, (r). However, in this case v XC, (r) is not the conventional exchange-correlation potential since part of the exchange-correlation contribution to the Kohn-Sham operator is now accounted for in the non-multiplicative orbital exchange term. The conventional ZMP approach takes no account of orbital exchange and so cannot be used to calculate v XC, (r) from ab initio densities. For this reason, multiplicative potential information has not been previously used in the development of semi-empirical hybrid functionals.
In this study the ZMP approach is generalized such that it can be used to calculate v XC, (r) from ab initio densities when 0. By analogy with the GGA case, a new hybrid functional is then developed by optimizing its parameters such that it yields accurate thermochemistry for a series of atoms and molecules and has a continuum contribution E XC ͓ ␣ , ␤ ͔ whose potential is maximally parallel to the new ZMP potential for these systems. By comparing its performance with that of B97-1, which was determined solely from thermochemical data, the influence of multiplicative potential information in hybrid functional development is quantified. We also take this opportunity to perform a detailed comparison between these highly parameterized functionals and the B3LYP functional, which is widely used in chemical applications.
In Sec. II, a modified ZMP approach is presented for determining v XC, (r) from ab initio densities when 0. The potentials for ϭ0.21 are presented for Ne, CO, and HF, and are compared with the corresponding exchangecorrelation (ϭ0.0) and Hartree-Fock-Kohn-Sham correlation (ϭ1.0) potentials. In Sec. III, new exchangecorrelation functionals are derived for a range of values; an optimal functional is defined by assessing the performance of the functionals for thermochemistry, molecular structures, and six hydrogen abstraction reaction barriers. In Sec. IV, the performance of the new functional is investigated for a range of molecular structures, electric and magnetic response properties, and sixteen chemical reaction barriers. Conclusions are presented in Sec. V.
II. DETERMINATION OF v XC,

"r… FROM THE DENSITY
The ZMP approach is now generalized so it can be applied to functionals of the general form ͑1͒. The total electronic energy is
where T s ͓͕ i ͖͔, E ext ͓͔, and E J ͓͔ are the non-interacting kinetic energy, the interaction energy between the electrons and the external potential, and the Coulomb ͑Hartree͒ energy, respectively. The energy contributions E ext ͓͔, E J ͓͔, and E XC ͓ ␣ , ␤ ͔ are explicit functionals of the spin densities. It follows that if the orbitals are varied subject to the constraint that they yield some reference spin densities, then these terms will remain constant. From the constrained search formulation, 13 it follows that the Kohn-Sham orbitals associated with the reference densities ␣0 and ␤0 are obtained through the minimization
over all sets of orbitals that yield the reference densities. Following ZMP, the constraint is enforced through a Lagrange multiplier associated with the self-repulsion condition 
additional Fermi-Amaldi-type 14 terms are added to the minimization to impose this behavior. The addition of both extra terms does not affect the minimization since they are explicit functionals of the spin densities. Minimization therefore gives the one-electron equations
where the superscript indicates a dependence on the Lagrange multiplier and v C (r) is the -spin constraint potential
The equations ͑9͒ can be identified as the Kohn-Sham equations associated with the reference densities when the constraint ͑7͒ is satisfied. This occurs when →ϱ and so comparing Eq. ͑9͒ in this limit with Eq. ͑4͒ leads us to define the potential
͑11͒
For a given reference density, this ''ZMP potential'' is the exact asymptotically vanishing multiplicative potential that must be added to times the non-multiplicative orbital exchange term in the Kohn-Sham equations. Note that v ZMP, (r) and the potential v XC, (r) in Eq. ͑4͒ are not necessarily the same, as they can differ by an additive constant.
A. v ZMP,
"r… for Ne, CO, and HF Our Gaussian basis set implementation of the ZMP approach has been amended to account for the presence of orbital exchange, as detailed in the previous section. The most successful hybrid functionals include a fraction of orbital exchange Ϸ0.2 ͑eg., B3LYP, ϭ0.2; B97, ϭ0.1943; B97-1, ϭ0.21͒ and so it is informative to ex- (r), determined for ϭ0.21, are presented for Ne, HF, and CO. The ␣ and ␤ potentials are identical as the molecules are closed-shell singlets. For Ne the potential is plotted as a function of radial distance; for the diatomics it is plotted along the bond axis. The potentials were determined from Brueckner Doubles ͑BD͒ electron densities using a TZ2P basis set 15 and a Lagrange multiplier ϭ900. ͑The use of a finite Gaussian basis set makes the limit →ϱ inappropriate and studies have demonstrated that ϭ900 is acceptable. 16 ͒ For comparison, the conventional exchange-correlation potentials ͓v ZMP, (r) when ϭ0.0͔ and the correlation potential of Hartree-Fock-Kohn-Sham theory ͓v ZMP, (r) when ϭ1.0͔ are also presented. The correlation potentials for Ne, CO, N 2 , and F 2 were presented in a previous study. 17 The ϭ0.21 potentials are intermediate between those of ϭ0.0 and ϭ1.0. Given that the fraction of orbital exchange is relatively small, they more closely resemble the ϭ0.0 potentials, exhibiting similar structural characteristics. In addition to these systems, the H 2 , N 2 , and F 2 potentials have also been investigated. For all these systems, the ϭ0.21 potentials are reasonably well-approximated by
although this approximation is not used in our functional development.
III. A NEW HYBRID FUNCTIONAL
In a previous study, 5 we determined the B97-1 hybrid exchange-correlation functional by reoptimizing the B97 functional form of Becke.
4 B97-1 is of the form ͑1͒, with ϭ0.21 and a continuum part expressed in terms of 9 parameters ͕c i ͖. Optimal parameters were determined by fitting to thermochemical data only, through the minimization
where ⍀ E is a measure of thermochemical accuracy
Using the notation in Table I , the 86 energy contributions to ⍀ E are ͑a͒ total energies of first-row atoms A 1 and cations A 1 ϩ ; ͑b͒ ionization potentials of second-row atoms A 2 ; and ͑c͒ atomization energies of molecules M .
In this study we continue to use the B97-1 functional form and fitting data from Table I , but we now derive the optimal parameters such that the new functional yields accurate thermochemistry and has a continuum part E XC ͓ ␣ , ␤ ͔ whose potential is maximally parallel to the new ZMP potentials for the systems in the fitting data. For the 93 systems in Table I , multiplicative potentials v ZMP, (r) were calculated for values of 0.19, 0.20, 0.21, and 0.22, using the TZ2P basis set, ϭ900, and coupled cluster BD or MP2 densities, for closed-and open-shell systems, respectively. When constraining potentials in functional development, it is only necessary for the calculated potentials to be maximally parallel to the ZMP potentials. A possible shift between the two potentials must be introduced because the continuum part of the new functional gives a potential that does not exhibit any integer discontinuity. Following Ref. 18 , we define a new quantity, which measures the degree to which the two potentials are parallel 
where T sums over the 93 systems in the fitting data; denotes ␣ and ␤ spins; v ZMP,T (r) is the new -spin ZMP potential for system T; k T is the -spin shift for system T; v fit,T (r) is the -spin potential associated with the continuum part of the new functional for system T; and T 2/3 (r) is a spatial weighting function. Initial values are chosen for the shifts k T and the quantity
is minimized in an iterative fashion with respect to both the variable parameters ͕c i ͖ and the shifts ͕k T ͖, using a system of macro-and microiterations. Following Ref. 5, the weights in Eq. ͑16͒ are chosen to be E ϭ750 and v ϭ1. As with B97-1, all calculations in the functional development use the TZ2P basis set, and so all the functionals determined in this study are specifically designed for this basis. Unless otherwise stated, all calculations use TZ2P.
A. Dependence on
Four new functionals, corresponding to ϭ 0.19, 0.20, 0.21, and 0.22, have been determined and implemented in the CADPAC program. 19 To choose an optimal functional, molecular structures, thermochemical quantities, and hydrogen abstraction reaction barriers were computed, and compared with experimental or high-level ab initio calculations. This criterion for the optimal functional is arbitrary, other properties could have been considered. However, structures and thermochemistry are particularly important, while reaction barriers are a demanding test of any exchangecorrelation functional. The error assessment is presented in Table II. To assess structural accuracy, the mean absolute bond length and bond angle errors are presented for the 40 small molecules of Table IV . These are a subset of the fitting molecules M , where the experimental structures are accurately known. The quality of bond lengths and bond angles is almost constant over the range of values considered, and is very close to that of conventional B97-1 and B3LYP.
Mean absolute errors for the total energies ͑E͒ of systems A 1 and A 1 ϩ ; ionization potentials ͑IP͒ of systems A 2 ; and atomization energies ͑AE͒ of systems M are presented. As with the molecular structures, thermochemical accuracy varies little with . Total energies and ionization potentials are slightly less accurate than B97-1, by approximately 1.0 and 0.4 kcal/mol, respectively. Atomization energies from the new functionals are close to those from B97-1. The new functionals and B97-1 are a significant improvement over B3LYP.
Finally, mean absolute errors for six classical reaction barriers are presented. These reactions were studied previously by Skokov and Wheeler 20 and Hamprecht et al., 5 and correspond to the first six reactions of Table IX . Where more than one ab initio value is presented in Table IX , an average value is used for the error analysis. Once again, the variation with is small. Mean absolute errors for the new functionals are a notable improvement over B97-1 and B3LYP.
It is clear that the variation with is relatively small and that no single value is optimal for all properties. For the remainder of this study, we shall concentrate on the new functional with ϭ0.21, since this value is used in B97-1. We denote the new functional as B97-2, as it is a natural extension of B97-1-the sole difference between the two functionals is that the former is fitted to thermochemistry and potentials, while the latter is fitted to just thermochemistry. By comparing the performance of B97-2 and B97-1, the influence of including multiplicative potential information in hybrid functional development will be quantified.
The parameters defining B97-2 are presented in Table  III . The third parameter, the local ␣␤ correlation prefactor, is particularly close to unity, demonstrating that the uniform gas ␣␤ correlation limit is approximately satisfied. The corresponding prefactor for the B97-1 functional is 0.955 689.
IV. PERFORMANCE OF B97-2
In this section a detailed assessment of B97-2 is presented for the prediction of molecular structures, electric and magnetic response properties, together with a more extensive range of classical reaction barriers.
A. Molecular structures
In Table IV optimized structures for the 40 small molecules are presented. The quality of the nuclear derivative ͑and hence the molecular structure͒ is governed, for a given basis set, by the quality of v XC, (r). Despite being determined from ab initio potentials, B97-2 offers minimal improvement over B97-1. Geometries from B3LYP are also of comparable accuracy.
In Table V , optimized bond lengths are presented for a series of diatomic radicals, which are absent from the fitting data. On average, the B97-2 bond lengths are now an improvement over B97-1, which in turn is a slight improvement over B3LYP.
In Table VI accurate. For these molecules, the B3LYP description can be more accurate. For the two transition metal complexes, similar quality is obtained with B97-1 and B97-2, while B3LYP is less accurate for the metal ligand distances.
B. Static isotropic polarizabilities
In Table VII , static isotropic polarizabilities are presented for a series of small molecules. All calculations were performed at near-experimental geometries, 21, 37 using the Sadlej basis set. 38 The B3LYP, B97-1, and B97-2 polarizabilities do not include zero-point vibrational corrections ͑ZPVC's͒, and so are not strictly comparable with the experimental values. For several of the molecules in Table VII , Russell and Spackman 39 have calculated ZPVC's, and find that in all cases the correction increases the calculated polarizability by a non-negligible amount. An accurate noncorrected DFT calculation should therefore underestimate the polarizabilities of these systems. To provide a more valid comparison we also present BD͑T͒ polarizabilities, which neglect ZPVC's; these were determined as the numerical ͑finite-difference͒ derivative of the BD͑T͒ electric dipole moment, using a static electric field of magnitude 0.001 au.
In moving from B3LYP to B97-1 to B97-2, there is a uniform reduction in the static isotropic polarizabilities, leading to improved agreement with the reference BD͑T͒ values. The mean errors, relative to BD͑T͒, reduce from 0.36 to 0.18 to Ϫ0.04 au for B3LYP, B97-1, and B97-2, respectively. The corresponding mean absolute errors reduce from 0.44 to 0.32 to 0.22 au.
Both B97-2 and BD͑T͒ underestimate experimental polarizabilities by an average of 0.13 and 0.10 au, respectively, which is consistent with the neglect of ZPVC's. By contrast, B3LYP and B97-1 overestimate the experimental values by an average of 0.26 and 0.09 au, respectively, and so their errors will increase upon addition of a positive ZPVC.
To assess the frequency dependence of the polarizability, vertical valence excitation energies were determined for N 2 , CO, H 2 CO, C 2 H 4 , and C 6 H 6 with appropriate basis sets. Valence excitations from B97-1 and B97-2 were very similar, and so the results are not explicitly presented. B97-2 excitations were equal to or slightly larger ͑by less than 0.1 eV͒ than those of B97-1. This led to a slight improvement for N 2 , CO, and C 2 H 4 , where valence excitations are underestimated with B97-1. It slightly reduces the accuracy for H 2 CO and C 6 H 6 , where B97-1 overestimates some of the excitation energies.
C. Isotropic NMR shielding constants
In Table VIII , isotropic NMR shielding constants are presented for a series of small first-and second-row molecules. All calculations were performed at the nearexperimental geometries discussed in Ref. 8 , using the Huzinaga ͑IGLO IV͒ basis set. 44, 49 The errors are dominated by the ozone molecule and so errors are also presented when ozone is omitted. The columns headed B3LYP, B97-1 and B97-2 are conventional shielding constants ͑the second derivatives of the corresponding electronic energies͒ determined in a coupled fashion. Shieldings are very poor for all three functionals, although there is a notable improvement from B3LYP to B97-1 to B97-2.
In a recent study 8 we introduced a new approach for determining NMR shielding constants directly from theoretical electron densities. In the new approach, denoted MKS ͑for Multiplicative Kohn-Sham͒, a fully multiplicative exchange-correlation potential is determined from a theoretical electron density using the conventional (ϭ0) ZMP approach. The Kohn-Sham orbitals and eigenvalues associated with this potential are then input into the conventional uncoupled Kohn-Sham shielding expression; for full details of the MKS approach, see Ref. 8 . The MKS͑B3LYP͒, MKS͑B97-1͒, and MKS͑B97-2͒ values in Table VIII are shieldings determined from B3LYP, B97-1, and B97-2 electron densities, respectively, using the same combination of TZ2P and Huzinaga ͑IGLO IV͒ basis sets used in Ref. 8 . The results are two to three times more accurate than the respective shieldings determined in the conventional manner. Again, there is an improvement in quality from MKS͑B3LYP͒ to MKS͑B97-1͒ to MKS͑B97-2͒. When all the molecules are considered, the B97-2 mean absolute error is 15.8 ppm, compared to the best ab initio error of 11.2 ppm.
D. Classical reaction barriers
The accurate calculation of chemical reaction barriers is a considerable challenge for Kohn-Sham theory. For many reactions, barriers from conventional GGA and hybrid functionals lie significantly below those from high-level ab initio correlated methods ͑e.g., see Refs. 20, 50, 51͒, although the errors can be reduced by significantly increasing the fraction of orbital exchange ͑e.g., see Ref. 52͒ In Table IX, horizontal dash represents the new bond formed. The next three columns are classical reaction barriers determined using B3LYP, B97-1, and B97-2 with the TZ2P basis set. Barriers were determined using the corresponding DFT optimized structures ͑details of the structures and electronic symmetries can be found in the ab initio references͒. For all but the final reaction, a transition state was verified by the presence of a single imaginary harmonic vibrational frequency with all three functionals. For the final reaction ͑con-strained to D ϱh symmetry͒ the energy surface for the bending motion was found to be very flat with all three functionals. In moving from B3LYP to B97-1 to B97-2, there was an increased tendency towards a slightly non-linear transition state with this basis set. For reference, the final column presents classical barriers determined using high-level ab initio methods. For the reactions where more than one ab initio result is presented, the average value is used in the error analysis.
Although B3LYP provides a more accurate average description than B97-1 for the first six reactions, when all sixteen reactions are considered B97-1 is on average the more accurate functional. Both B3LYP and B97-1 consistently underestimate the reaction barriers, with mean absolute errors of 5.0 and 3.6 kcal/mol, respectively. For the reaction HϩNO, B3LYP fails to predict a barrier; this is remedied with B97-1, although the barrier remains well below the ab initio value.
For every reaction, B97-2 predicts a larger barrier than B97-1; for several of them, B97-2 barriers lie slightly above the ab initio values. The mean and mean absolute B97-2 errors of Ϫ1.8 and 2.4 kcal/mol, respectively, are a significant improvement over both B3LYP and B97-1. However, significant errors remain, most notably for the reactions H 2 ϩOH, CH 4 ϩOH, and OϩHCl. We note that our DFT calculations do not include a BSSE counterpoise correction. Such a correction would further increase the DFT barriers, although a previous study suggests that the correction is small for the TZ2P basis set.
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V. CONCLUSIONS
The procedure of Zhao, Morrison, and Parr, 9 which determines multiplicative Kohn-Sham potentials from theoretical electron densities, has been generalized to account for a fraction of exact orbital exchange. Multiplicative potentials, appropriate for adding to 0.21 times the non-multiplicative orbital exchange term in the Kohn-Sham equations, have been examined graphically for Ne, HF, and CO. They show similar structural characteristics to the full exchangecorrelation potential. By fitting to thermochemical data and ZMP potentials, a new hybrid exchange-correlation functional, B97-2, has been determined. ͑The source code for implementation of this functional is available from D.J.Tozer@durham.ac.uk.͒ For the systems investigated, the performance of B97-2 relative to B97-1 and B3LYP can be summarized as follows: ͑a͒ B97-2 atomization energies are comparable to those from B97-1, while total energies and ionization potentials are slightly less accurate. This reduction in accuracy is unsurprising, given that the emphasis in the fit has been shifted from pure thermochemistry to both thermochemistry and potentials. B97-2 and B97-1 are a significant improvement over B3LYP in these thermochemical studies; ͑b͒ B97-2, B97-1 and B3LYP exhibit similar overall accuracy for molecular structures;
͑c͒ Relative to BD͑T͒, static isotropic polarizabilities improve from B3LYP to B97-1 to B97-2; the latter functional gives polarizabilities that are on average below experimental values, which is consistent with the neglect of vibrational corrections;
͑d͒ Shielding constants determined using two different approaches improve from B3LYP to B97-1 to B97-2. The shieldings determined directly from the DFT densities using the MKS approach are two to three times more accurate than conventional shieldings, determined as the second derivative of the electronic energy; and ͑e͒ Classical reaction barriers improve significantly from B3LYP to B97-1 to B97-2.
Overall, the results suggest that introducing multiplicative potentials into semi-empirical functional development is beneficial. Further assessment of the performance of B97-2 is now required.
